Abstract-We investigate the problem of preparing a pure Gaussian state via reservoir engineering. In particular, we consider a linear quantum system with a passive Hamiltonian and with a single reservoir which acts only on a single site of the system. We then give a full parametrization of the pure Gaussian states that can be prepared by this type of quantum system.
(ii) The system is locally coupled to a single reservoir. In other words, the coupling vectorL consists of only one Lindblad operator which acts only on a single site of the system. It is relatively simple to implement a quantum system subject to the two constraints (i) and (ii). We parametrize the class of pure Gaussian states that can be prepared by this type of quantum system.
Notation. R denotes the set of real numbers. R m×n denotes the set of real m × n matrices. C denotes the set of complex numbers. C m×n denotes the set of complex-entried m × n matrices. I n denotes the n × n identity matrix. 0 m×n denotes the m × n zero matrix. The superscript * denotes either the complex conjugate of a complex number or the adjoint of an operator. For a matrix A = [A jk ] whose entries A jk are complex numbers or operators, we define A = [A k j ] and
A n ] denotes a block diagonal matrix with diagonal blocks A j , j = 1, 2, · · · , n. det(A) denotes the determinant of the matrix A.
II. PRELIMINARIES
Consider an N-mode continuous-variable quantum system. Letq j andp j be the position and momentum operators for the jth mode, respectively. Then they satisfy the following commutation relations (h = 1)
Letρ be the density operator of the system. Then the mean value of the vectorx is given by x = [tr(q 1ρ ) · · · tr(q Nρ ) tr(p 1ρ ) · · · tr(p Nρ )] and the covariance matrix is given by V = 1 2 x x +( x x ) , where x =x − x . A Gaussian state is entirely specified by its mean vector x and its covariance matrix V [10]- [12] . Since the mean vector x contains no information about noise and entanglement, we restrict our attention to zero-mean Gaussian states. The purity of a Gaussian state is defined by p = tr(ρ 2 ) = 1/ 2 2N det(V ). A Gaussian state with covariance matrix V is pure if and only if det(V ) = 2 −2N . In fact, when a Gaussian state is pure, its covariance matrix V always has the following decomposition
where [13] . For the N-mode vacuum state, we have X = 0 and Y = I N . Let Z X + iY . Given Z, a covariance matrix V can be constructed from it using (3). Thus, the matrix Z fully characterizes a pure Gaussian state. We refer to Z = X +iY as a Gaussian graph matrix [13] . Note that, a basic property of Z is Re(Z) = Re(Z) and Im(Z) = Im(Z) > 0. This property guarantees physicality of the corresponding state. Suppose that the system Hamiltonian in (1) is a quadratic function ofx, i.e.,Ĥ = 1 2x Gx, with G = G ∈ R 2N×2N , the coupling vector is a linear function ofx, i.e.,L = Cx, with C ∈ C K×2N , and the dynamics of the density operatorρ obey the Lindblad master equation (1) . Then the corresponding dynamics of the mean vector x(t) and the covariance matrix V (t) can be described by
where 6] . The linearity of the dynamics indicates that if the initial system stateρ(0) is Gaussian, then the system will always be Gaussian, with mean vector x(t) and covariance matrix V (t) evolving according to (4) and (5), respectively. We shall be particularly interested in the steady state of the system with the covariance matrix V (∞). Recently, a necessary and sufficient condition has been derived in [1] , [2] for preparing a pure Gaussian steady state via reservoir engineering. The result is summarized as follows. [2] ). Let Z = X + iY be the Gaussian graph matrix of an N-mode pure Gaussian state. Then this pure Gaussian state is generated by the Lindblad master equation (1) if and only if
and
where R = R ∈ R N×N , Γ = −Γ ∈ R N×N , and P ∈ C N×K are free matrices satisfying the following rank condition
III. CONSTRAINTS According to Lemma 1, for some pure Gaussian states, the quantum systems that generate them are hard to implement experimentally because the operatorsĤ = 1 2x Gx andL = Cx have a complex structure. Here we discuss another route. We restrict our attention to a class of linear quantum systems that are relatively simple to implement. Then we see which pure Gaussian states can be prepared by this type of system. We consider linear quantum systems subject to the following two constraints.
x The HamiltonianĤ is of the formĤ = N j=1 N k= j g jk (q jqk +p jpk ), where g jk ∈ R, 1 ≤ j ≤ k ≤ N.
y The system is locally coupled to a single reservoir. That is, the coupling vectorL is of the formL = c 1q +c 2p , where c 1 ∈ C, c 2 ∈ C and ∈ {1, 2, · · · , N}.
Remark 1. The Hamiltonian in x can be rewritten in terms of the annihilation and creation operators aŝ
are the annihilation and creation operators for the jth mode, respectively. A HamiltonianĤ of this form is called passive and describes beam-splitter-like interactions [11] , [14] , [15] .
Remark 2. The constraint y implies two crucial features of the system. First, the system is coupled to a single reservoir, i.e., K = 1 in (1). Second, the corresponding Lindblad operator acts only on a single mode of the system.
To illustrate this type of linear quantum system, we consider two examples. Example 1. We consider a ring of three quantum harmonic oscillators (N = 3), as depicted in Fig. 1 . The quantum harmonic oscillators are labelled 1 to 3. Suppose the HamiltonianĤ is given bŷ
where g jk ∈ R, 1 ≤ j ≤ k ≤ 3. In addition, the systemreservoir coupling vectorL consists of only one Lindblad operator which acts on the third mode of the system. It is given byL = c 1q3 + c 2p3 , where c 1 ∈ C and c 2 ∈ C. This linear quantum system satisfies the constraints x and y. Example 2. We consider a chain of three quantum harmonic oscillators (N = 3), as depicted in Fig. 2 . The quantum harmonic oscillators are labelled 1 to 3. Suppose the HamiltonianĤ is given bŷ
where g 11 ∈ R, g 22 ∈ R, g 33 ∈ R, g 12 ∈ R and g 23 ∈ R. In addition, the system-reservoir coupling vectorL consists of only one Lindblad operator which acts on the second mode of the system. It is given byL = c 1q2 + c 2p2 , where c 1 ∈ C and c 2 ∈ C. This linear quantum system satisfies the constraints x and y. In the following section, we characterize the class of pure Gaussian states that can be generated by linear quantum systems subject to x and y. In other words, we characterize all of the pure Gaussian states for which there exist a HamiltonianĤ of the form x and a system-reservoir coupling vectorL of the form y such that the state is the unique steady state of the corresponding linear quantum system (1).
IV. PARAMETRIZATION
We give the main result. The following theorem provides a full mathematical parametrization of the pure Gaussian states that can be generated by systems subject to the two constraints x and y. For clarity, we distinguish two cases: N is odd and N is even.
Theorem 1.
• An N-mode pure Gaussian state (where N is odd) can be generated by a linear quantum system subject to the two constraints x and y if and only if its Gaussian graph matrix Z can be written as
where P ∈ R N×N is a permutation matrix, Q ∈ R (N−1)×(N−1) is a real orthogonal matrix,z ∈ Λ, and Z j ∈ ∆, 1 ≤ j ≤ N−1
.
• An N-mode pure Gaussian state (where N is even) can be generated by a linear quantum system subject to the two constraints x and y if and only if its Gaussian graph matrix Z can be written as 
V. CONCLUSION
In this paper, we consider linear quantum systems subject to constraints. First, we assume that the HamiltonianĤ is of the formĤ = N j=1 N k= j g jk (q jqk +p jpk ), where g jk ∈ R, 1 ≤ j ≤ k ≤ N. Second, we assume that the system is locally coupled to a single reservoir. Then we give a full mathematical parametrization of the pure Gaussian states that can be prepared using this type of quantum system.
